In this paper, we mainly study the local distinguishable multipartite quantum states by local operations and classical communication (LOCC) in m1 ⊗ m2 ⊗ . . . ⊗ mn , where the quantum system m1 belongs to Alice, m2 belongs to Bob, . . . and mn belongs to Susan. We first present the pure tripartite distinguishable orthogonal quantum states by LOCC in m1⊗m2⊗m3. With the conclusion in m1 ⊗ m2 ⊗ m3, we prove distinguishability or indistinguishability of some quantum states. At last, we give the n-party distinguishable quantum states in m1 ⊗ m2 ⊗ · · · ⊗ mn. Our study further reveals quantum nonlocality in multipartite high-dimensional.
I. INTRODUCTION
Quantum entangled states are often as fundamental quantum mechanical resource shared by spatially separated parties. It plays a central role in some striking applications of quantum computation and quantum information such as quantum teleportation [1], quantum communication [2] and quantum secret sharing [3] . As a result, entanglement has been recognized as a useful physical resource [4] . Suppose that Alice and Bob each have one part of a bipartite entangled state. Entanglement can be viewed as a distinguishable feature of quantum mechanics that does not exist in classical mechanics, since it can help to realize the distinguishability of quantum states [5] [6] [7] by local operations and classical communication (LOCC) protocols. When several distant participants want to accomplish quantum information processing tasks, LOCC protocols are good methods for distinguishing quantum states. In LOCC protocols, suppose that Alice and Bob share quantum state, if Alice goes first, Bob can determine which state is given. A hot topic is how to distinguish certain sets of pure orthogonal quantum states by using LOCC protocols. Recently, Zhang et al. [5] used two copies of 2 ⊗ 2 maximally entangled states to distinguish a set of orthogonal product states in d ⊗ d (d is odd). They also proved the distinguishability of multipartite orthogonal product states by using the similar method. In 2016, Zhang et al. [6] proposed that entanglement can be as a resource to distinguish perfectly certain classes of unextendible product bases (UPB). In [7] , authors got several conclusions for preserving entanglement in the course of locally distinguishing an unknown state drawn from a set of orthogonal quantum states.
Here, maximally entangled states are foundations of quantum mechanics and quantum information theory, which are as a tool to demonstrate maximal violations of Bell inequalities. In LOCC protocols, the distinguishability of maximally entangled states can also be deter- * cryptjweng@gmail.com mined by some methods in [8] [9] [10] [11] [12] [13] [14] . In [9] , the authors showed that if and only if two copies of each of the states are provided, all orthogonal maximally entangled states in canonical form can be definitively distinguished by LOCC. In [11] , Yu et al. pointed out that four ququadququad orthogonal maximally entangled states that cannot be perfectly distinguished by means of LOCC. It addresses the problem that there is a set of d locally indistinguishable d⊗ d orthogonal maximally entangled states for some positive integer d. In 2004, Fan [14] showed that a set of linearly independent quantum states cannot be discriminated deterministically or probabilistically by LOCC. They gave a conclusion that any l maximally entangled states of this set are locally distinguishable if l(l − 1) ≤ 2d (d represents the number of generalized Pauli matrices).
In recent years, many scholars have already studied and proved the distinguishability and indistinguishability of bipartite quantum states by LOCC using some methods in [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] . For example, in [21] , Walgate and Hardy gave a sufficient and necessary condition to prove the distinguishability for a class of quantum states. Zhang et al. [18, 20] and Wang et al. [19] construct a class of indistinguishable orthogonal product states with the help of proof technology in [21] . In quantum cryptography, the case of multipartite communication always exists. Based on bipartite LOCC protocols, quantum nonlocality of multipartite quantum states were naturally studied in [28] [29] [30] [31] [32] [33] [34] [35] [36] [37] . For example, Niset and Cerf [32] constructed a n parties product basis by using a universal method to exhibit the pheonmenon of "quantum nonlocality without entanglement" in which the n parties' dimension of quantum system are all at least n − 1. Walgate et al. [35] first presented the form of disitinguishable bipartite orthogonal quantum states case in which any two pure orthogonal states can be locally distinguished. Followed by this simple case, they showed that the states of tripartite form can be distinguished by changing into a larger Hilbert space. There are many other interesting and worthy research about distinguishability and indistinguishability [38] [39] [40] [41] . These works can also help us to deeply study the distinguishable quantum states form in multipartite case. For example, Duan et al. [38] studied and discussed the local distinguishability of general multiqubit states. They showed that any orthonormal basis of a subspace, which is spanned by arbitrary three-qubit orthogonal unextendible product bases (UPB), cannot be exactly distinguishable by LOCC.
In this paper, we mainly study the form of multipartite distinguishable quantum states in m 1 ⊗ m 2 ⊗ · · · ⊗ m n system, where m 1 belongs to Alice, m 2 belongs to Bob, . . ., m n belongs to Susan. We start with the property for locally distinguishable tripartite pure quantum states in 2 ⊗ 2 ⊗ n system. Some distinguishable and indistinguishable examples are presented with the conclusion in 2 ⊗ 2 ⊗ n. Then we extend this conclusion into m 1 ⊗ m 2 ⊗ m 3 system. Furthermore, we show a sufficient and necessary condition for a set of multipartite distinguishable quantum states in m 1 ⊗ m 2 ⊗ . . . ⊗ m n system. With the condition, we analyze the number of product states in distinguishable multipartite states with m 1 ⊗m 2 ⊗. . .⊗m n system. Finally, the sufficient and necessary condition is given for locally distinguishable bipartite mixed quantum states in m 1 ⊗ m 2 ⊗ . . . ⊗ m n system. Our condition can be used to prove the distinguishability and indistinguishability of a class of quantum states.
The rest of this paper is organized as follows. Multipartite distinguishable quantum states in m 1 ⊗m 2 ⊗. . . m d ⊗ n system is presented in Sect. II. The conclusions are shown in III.
Now, we first introduce three lemmas in Ref. [21, 22] in which sufficient and necessary conditions for 2 ⊗ n distinguishable orthogonal quantum states with Alice going first [21] and distinguishable bipartite quantum states by one way LOCC [22] , respectively. [21] ) Alice and Bob share a 2 ⊗ n dimensional quantum system: Alice has a qubit, and Bob has a n dimensional system that may be entangled with that qubit. If Alice goes first, a set of l orthogonal states {|ψ k } is exactly locally distinguishable if and only if there is a basis {|0 , |1 } A such that in that basis
Lemma 1. (Walgate and Hardy
Lemma 2. (Singal [22] ) Alice can commence a oneway LOCC protocol to distinguish among ρ 1 AB , · · · , ρ n AB if and only if there exists a protocol which starts with an orthogonality preserving rank-one POVM on the side of Alice.
Lemma 3. A d A -dimensional quantum system that belongs to Alice is entangled with a d B -dimensional quantum system that belongs to Bob. They share this d A ⊗d B pure state system. For any set S in this system, S is one way LOCC distinguishable when Alice goes first, if and only if there exists a basis {|0 , |1 , · · · , |d A − 1 } A , such that for any element |ψ k in S,
Next, we give the tripartite distinguishable pure quantum states by LOCC in 2⊗2⊗m 3 by using above lemmas.
Theorem 1. A two-dimensional quantum system that belongs to Alice, a two-dimensional quantum system that belongs to Bob, are entangled with a m 3 dimensional quantum system that belongs to Charlie. They share this Theorem 2. A m 1 -dimensional quantum system that belongs to Alice, a m 2 -dimensional quantum system that belongs to Bob, are entangled with a m 3 -dimensional quantum system that belongs to Charlie. They share this m 1 ⊗ m 2 ⊗ m 3 pure quantum system. For any set S in this system, S is one way LOCC distinguishable when Alice goes first and Bob goes second, if and only if there exists a basis {|0 , |1 , . . . , |(m 1 −1) } A , such that for any element |ψ k in S, 
(4)
Proof: The sufficiency is obvious. For necessity, when Alice commences a one way LOCC protocol, the basis {|0 , |1 , . . . , |(m 1 − 1) } A is according to her orthogonality preserving rank-one POVM. We consider the bipartite case of Alice and others. The reason of "∀h = k, φ 
Corollary 1.
We give an indistinguishable unextended orthogonal states in [37] 
Corollary 2. In [42] , there is a set of distinguishable orthogonal product states proved by Theorem 1 in 2 ⊗ 2 ⊗ 2
where
(|0 − |1 ) and {|b , |b ⊥ } is any orthonormal basis of C 2 not equal to {|0 , |1 } or {|+ , |− }.
Corollary 3. We give an indistinguishable states set in 2 ⊗ 2 ⊗ 2
Corollary 4.
In 2 ⊗ 2 ⊗ 3, we construct an indistinguishable set
Corollary 5. In 2 ⊗ 2 ⊗ 2, we construct an indistinguishable set
We give the locally distinguishable multipartite pure quantum states in m 1 ⊗ m 2 ⊗ · · · ⊗ m n as follows.
Theorem 3.
A m 1 -dimensional quantum system that belongs to Alice, a m 2 -dimensional quantum system that belongs to Bob, . . ., a m n−1 -dimensional quantum system that belongs to Zehers are entangled with a m ndimensional quantum system that belongs to Susan. For any set S in this system, S is one way LOCC distinguishable when Alice goes first, if and only if there exist bases {|0 , |1 , . . . , | (m 1 − 1) } A , {|0 , |1 Theorem 4. A m 1 -dimensional quantum system that belongs to Alice, a m 2 -dimensional quantum system that belongs to Bob, . . ., a m n−1 -dimensional quantum system that belongs to Zehers are entangled with a m ndimensional quantum system that belongs to Susan. For any set S in this system, S is one way LOCC distinguishable when Alice goes first, if and only if there exists a basis {|0 , |1 , . . . , |(m 1 − 1) } A , such that for any element |ψ k in S,
(6)
Proof: The sufficiency is obvious. For necessity, when Alice commences a one way LOCC protocol, the basis {|0 , |1 , . . . , |(m 1 − 1) } A is according to her orthogonality preserving rank-one POVM. The reason of "∀h = k, ϕ 
Theorem 4 can also be used to prove the indistinguishability of multipartite orthogonal quantum states proposed by Zhang et al. [28] . According to Theorem 4, we analyze the number of product states in m 1 ⊗ m 2 ⊗ · · · ⊗ m n and easily obtain Theorem 2 and Corollary 2. We immediately obtain the following conclusion. Corollary 6. In a m 1 ⊗m 2 ⊗· · ·⊗m n composite system, m 1 m 2 · · · m n orthogonal states can be exactly locally distinguished if and only if all of them are product states.
Theorem 6. A m 1 -dimensional quantum system that belongs to Alice, a m 2 -dimensional quantum system that belongs to Bob, . . ., a m n−1 -dimensional quantum system that belongs to Zehers may be entangled with a m n -dimensional quantum system that belongs to Susan. For any set S = {ρ 1 , ρ 2 , . . . , ρ z } in this system, S is one way LOCC distinguishable when Alice goes first, if and only if there exists a basis {|0 , |1 , . . . ,
where {ρ 
Theorem 7.
A m 1 -dimensional quantum system that belongs to Alice, a m 2 -dimensional quantum system that belongs to Bob, . . ., a m n−1 -dimensional quantum system that belongs to Zehers may be entangled with a m n -dimensional quantum system that belongs to Susan. For any set S = {ρ 1 , ρ 2 , . . . , ρ z } in this system, S is one way LOCC distinguishable when Alice goes first, if and only if there exists a basis {|0 , |1 , . . . , |(m 1 − 1) } A , {|0 , |1 , . . . , |(m 2 − 1) } B , · · · , {|0 , |1 , . . . , |(m n−1 − 1) } Z such that for any element ρ x ,
